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A3STRACT 

For  any  choice  of  t-norm  for  conjunction,  t-conorm 
for  disjunction  and  some  complement  operator,  a  fuzzy 
set  system  may  be  determined.  All  properties  and  defin¬ 
itions  cay  be  obtained  through  the  use  of  multivalued 
logic  theory.  Previous  investigations  by  the  author  for 
such  systems  has  led  to  rather  general  characterizations 
for  those  fuzzy  set  sj stems  which  admit  weak  homomor¬ 
phic  randcn  set  representations.  (By  "weak",  it  is 
meant  that  identification  between  fuzzy  and  random  sets 
is  through  the  one -point  coverage  functions  of  the 
random  sets  and  the  membership  functions  of  the  fuzzy 
sets.)  Frank's  family  of  t-norms  and  t-conorms  plays  a 
key  role  in  these  characterizations.  It  is  shown  that 
by  developing  conditional  fuzzy  sets- and  Bayes ’theorem 
in  this  general  context,  a  meaningful  type  of  fuzzy 
Central  Limit  Theory  may  be  obtained  for  not  only 
Frank's  family,  but  for  other  families  of  t-norms  and 
t-conorms. 


finite  8 ample  size  cases  for  various  fuzzy  set  systens. 
Although  some  fuzzy  set  systems  are  shown  not  to  admit 
nontrivial  ii.e.,  either  non-zero.or  zero  in  the  limit¬ 
ing  case  but'ytrrWti’ng  unique  non-laenMcally  zero  forms 
for  the  posterior  possibility  functions^  asymptotic 
forms  ,  others  indeed  admit  veil-defined  computable 
results  that  also  differ  significantly  from  the  finite 
sampling  size  casein  example  of  the  former  is  the 
well  known  system  •) ,ain,aax)  ;  an  example  of  the 
latter  is  any  systeM  based  on  Frank's  family  [U3  .In 
fact,  a  quite  general  class  of  fuzzy  set  systens  ,  in¬ 
cluding  those  baaed  on  Frank's  family  as  a  special  case, 
is  shown  to  admit  computable  finite  and  large  sample 
size  forms  for  the  posterior  possibility  functions  and 
related  functions  (Theorem  9) . 

2.  CONDITIONAL  FUZZY  SETS  AND  BAYES'  THEOREM 

Before  proceeding  to  the  analysis  ,  some  brief 
remarks  concerning  notation  are  in  order. 


1.  INTRODUCTION 


In  previous  work,  a  number  of  close  connections  was 
established  between  fuzzy  set  theory  and  probability 
theory.  This  basically  Involved  the  (many-to-one)  cor¬ 
respondences  of  random  sets  to  fuzzy  sets  through  the 
former- '-s-one -point  coverage  functlofls-rf(See  til  -  C1*!.) 
i  Other  parallels  between  the  two  disciplines  were  estab¬ 
lished.^  Ikl  .where  multivalued  logic  theory  was  used 
as  a  basls-for generating  entire  classes  of  fuzzy  set 
systems. .Each  6Uch  system  was  determined  by  a  triple  F 
-  (  ^notiVt  ,  '/'or)  °f  operators,  where  ipaot  is  some 
unary  involution  or  negation,^,  is  a  t-norm  and  tpQr  is 
a  t-conorm  (the  latter  two  are  here  always  assumed  to 
be  continuous,  associative,  and  symmetric) .( See  CM  or 
C  5)  for /general  background  on  t-norms  and  t-conorms.) 

Up  to  specification  of  any  particular  F,  all  definitions 

giicable  to  any  fuzzy  set  system.  One  such  def- 
vas  that  of  conditional  fuzzy  sets,  similar  in 
that  for  random  variables.  Another  related  con¬ 
cussed  in  CM  was  a  fuzzy  set  version  of  Bayes1 
(See  (M  ,  eqs.(3.U)  and-  (-3. 12}.) 

of  the  criticisms  in  the  past  that  has  been 
at  fuzzy  set  theory  users  is  the  apparent  lack 
a  finite  and  asymptotic  sampling  theory  anola- 
gous  to  the  well  established  counterparts  in  probability 
theory  J6J  .However,  Dishkant  (7-ihas  presented  a  begin¬ 
ning  of  aTuzzy  set  version  of^TTentral  Limit  Theory.. 
\Earllcr,  this  author  also  presented  some  results  in  this 
direction.  (See  08)  ,  Theorem  2.2.) 

In  this  papnr,  the  genesiG  of  a  fuzzy  set  sampling 
technique  is  presented,  paralleling  to  a  certain  extent 
the  ordinary  Bayesian  approach  to  random  sampling  and 
parameter  estimation.  As  a  consequence,  an  analysis  is 
carried  out  concerning  the  structure  of  posterior  possi¬ 
bilities  and  related  functions  for  both  finite  and  lr,- 


<Pk:  X — »  [0,U  is  that  mapping  indicating  the 
fuzzy  set  membership,  or  equivalently,  possibility 
function  for  fuzzy  set  A.  We  write  A  C  ^(X)  to  indicate 
that  A  is  a  fuzzy  subset  of  X,  and  if  A  is  an  ordinary 
set  ,  A£.P(X)  indicates  that  A  is  an  ordinary  subset 

of  X.  Here,  base  space  X  Is  an  ordinary  set. 

Six  important  t-norm  and  t-conorm  operators  have 
been  specially  labeled: 

<11  min  for  minimum  , 

(1)  max-  for  maximum  / 

(3)  prod  for  product,  i.e.,  as  in  a*b *c  , 

14)  probsum  for  probabilistic  sum,  i.e.,  as  in 

lw(l-a)-(l-b).(l-c)> 

15)  minbndsun  for  sura  subtracting  one  less  than 
argument  number  and  bounded  belov  by  0,  i.e.,, os 

max(a+b+c-2,0)  , 

(6)  maxbndsum  for  sum  bounded  maximally  by  1,  i.e,  og 
mln(l,  a+b+c)  , 

where  a,b,c  £10,1]  ore  arbitrary;  the  definitions 
extendable  to  1,2,  and  b  or  more  arguments  . 

(See  CM  and  C5)  for  various  properties  of  these  special 
t-norms  and  t-conorns.) 

Also,  note  the  use  of  the  symbol  C0,1J  to  mean  the 
closed  unit  interval.  Similar  definitions  hold  for 
(a,bj  ,  the  left  open  at  a,  right  closed  at  b  interval, 
etc.  As  usual,  £  indicates  ordinary  element  membership; 
but  if  a  subscript  is  used -as  in  (  ^  ,  e.g.,  this  is  a 
positive  constant.  The  Gmail  black  square  ■  indicates 
the  end  of  a  theorem,  lemma,  or  remar*.  Other  notation 
will  be  explained  ac  introduced. 


Definitions 

Let  Xjl  and  X2  be  two  given  base  spaces  and  any 
t-norm.  For  any  At  F  Xg)  ,  define  a  projection 
P1(A)e/r(xi)  by  <p v  V  (^a(*1>*2))>  VX1 

1  Xgc-Xg 
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and.  similarly  define  p  (A)fc‘  /•’(£,).  Then  it  follows 
from  basic  properties  2  of  t-norms  that  nil  x, £  Xj,  J» 

1,2,  there  are  (p^A)!  x^)  f  /’(X^)  and  (Pg(AJ)i  x^)  e 

p  (Xg),  called  conditional  fuzzy  sets  ,  such  that  for 
all  XpXg, 

^xl>^  =  ^Pl(A)  1  *ixl) >  ^(AjC^)) 

=  ^(P2(A)  I 

uhich  are  uniquely  determined  over  supp(  <p  )  = 

|  (x,  ,Xo)  |  ^(XjxOX)}  ,  provided  ip.  is*  strictly 
increasing  in'each  argument.  Note  that  if  A eP(X-^X  Xg) 
then  p  <(A)  is  the  ordinary  projection,  of  A  into  X . 
and  (p2(a;  |  x.),  say,  is  the  section  of  A  in  X^,  given 
Xj_.  (See,  e.g.,  E.9 J  for  background.) 

It  then  follows  immediately  that  a  fuzzy  set  form 
of  Bayes’  theorem  is  obtainable. 


^anl*2>  ' 

The  next  theorems  concern  the  asymptotic  behavior 
of<^Aa  !md  hencs  of  $(B  ,,t.)(yj)  as  n  ♦  First 

define  . 

%J(x2}  -  ^^(AJlyj/^-Vj  ’  (6) 

aJ(x2>  S  ^(P2(A)  |  yj)(*2>  »  (j) 

'  (8) 

3.  ASYMPTOTIC  BEHAVIOR  0?  AVERAGED  FUZZY  DATA  AND 
POSTERIOR  FUZZY  PARAMETER  SETS 


Theorem  1.  Fuzzy  Bayes'  Theorem. 

Let  A  fc  F  X2)  with  a  strictly  increasing 
t-norm.  Then  over  supp(A),  (p£(A)  )  Xg)  is  a  function  of 
(tv,(A)  |  •  )  and  p^(A),  determined  implicitly  from  the 
following  equations  : 


y?S  ^(Pj.(A)  |  Xg)(xl)>  ^p2(A)(«2))  (2) 

where  .  . 

Wfyp*(A)| 

Xl  1  (3) 

■ 

Remark  1. 

An  obvious  analogy  holds  here  with  respect  to 
standard  Bayesian  modeling.  We  can  interpret  (p^a)  I  *) 
to  be  the  conditional  fuzzy  data  3et,  p.(A)  to  be  the 
prior  fuzzy  parameter  set  ,  (p,  (A) |  x^)  to  be  the 

posterior  fuzzy  parameter  set,  and1  p  ( A ) ^  to  be  the 
averaged  fuzzy  data  set,  where  Xg  may^be  considered 
a  fuzzy  outccSe.  (In  the  Bayesian  formulation,  */V  * 
prod  and  Y7  is  replaced  by  an  integral  or  sum  which  is 
possibly  weighted.) 

In  conjunction  with  the  above  remarks,  we  will 
assume  that  the  following  general  fuzzy  sampling  exper¬ 
iment  holds: 

(a)  P]_(A)  is  known,  but  A  Itself  is  not  known  before¬ 
hand! 

(b)  (%(A)  |  •)  is  obtained  empirically,  sometimes 
through  human  sources,  via  a  panel  of  "experts" 
(rather  than  from  the  unknown  A  via  Bayes'  theorem). 


Theorem  1  can  then  be  applied,  with  the  above  in¬ 
terpretations,  to  obtain  the  desired  posterior  fuzzy 
parameter  set.  The  key  computation  lies  in  the  evalua¬ 
tion  of  ^p^fA)  ln  equation  (3)  .In  addition  to  (a) 
and  (b),  assume  that  the  following  modification  holds: 

First  define  the  weighted  averages 


un, J  =  un,j  /  un, J  ;  ^ 

I  J  ”1 

vhere  v.  2  0  are  constants,  and.  the  norisalized 
nth  fuzzy  J  prior  set  u  is  given  by 


"  wn, J  '  &>-•>»  ' 

otherwise, is  zero. 


(5) 


If  a  panel  of  experts  is  used,  each  y.  represents 
expert  J,  y^  6  X^  ,  J=l,2,..  . 

(c)  Formally  replace  for  each  nj  1  in  eqs.(i),(2), 
p, ( A )  everywhere  by  a;  and  denote  the  subsequent 

rt  .  hy  n  .  /f. .  w.. 


value  of  7 


P2(-'') 


by  n  and  (pf 


P,(A)  i  *3' 


by 


Theorem  2. 

Suppose  the  conditions  for  Theoremihold  with  modi¬ 
fications  (a),(b),(c),  for  each  nil,  and  suppose  the 
constant  sample  means  converge: 

nJ«J  ~ A x2 )  exists;^gX2.  (9) 

'Suppose  also  for  all  nil, 

a-n-^  £  w'  i  b.n^  ,  (10) 

where  0<  aib  and  c,  ,£V>0  are  all  constants,  with 
€,  +€2  <  1  . 

Thus, 

0<Cn^un,J  <  Dn  ;  ,  (11) 

0<TCn  i  (a/b)-n-(1+ei+fi)<  1  ,  (12) 

0<D  &  (b/aJ'n-d-^J-^J.^i  _  ,  (13) 

vhere  it  ic  assumed12  thut  n  >  Qq  ~  # 

Note  that  for  w’  ,  =  1  ,  wQ  .  =  l/n  satisfies  (11). 

Then  for  tn£  fuzzy  set"  system  determined  by 

t^nct'^&'^op  =  U-(-),prod,prob6um),  for  all  n, 
and  aU  Xgg  X,  ,  n 

=  x-  n  (1-an,j(x2))  »  (lU) 


<p£  (*z)±  -108(1-  4>A  (Xg))4<|^  (^).(i4jn),  (15) 

quivalen|ly^)  ^  ^  U+"n)(15’) 

Hava  MQ  <- 

J„  5  -(lO5(l-0n)  .  Do)/Do  .  (16) 

•  Ml 


e 

where. 


Thus, 


n(x2}  J**)  "  l-e_<P^(X2)  , 


(18) 


■  unifzrmly  in  Xg£  X^.  with  convergence  rate  determined 
by  eqs.(15  ),  (16^).  Thus,  for  large  n,  all  y  f  I, 

and  all  x-iXo  ,  .  y  1 

>(Bnix2)^j>~  \^)/a--^i^(i9) 

(Proof:  Using 

0  -an,j(x2)  -  Dn<;L  J  n>D0  /  (20) 

-log(l-  cpA  (x-))  =  £  ^,(an,j)k/k  is  a  uniformly  -  in 
n  ,*i  wn 

*2  e  l2"and  absolutely  convergent  double  series.  Factor 
out  the  term  <pr  (xo)  ,  yielding 
nn 

<1^  (xs)£  -log(l -4>a  (Xg)^  <P-  (Xg) '  (l+ 

(sl» 

Then  consider  the  following  lemma: 
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Lemma  1. 


IT  0  £Uj  £  v  ;  J=l,..,n  ,  then  for  k=l,2,.. 

£V/&  uj  5  ^  •  (s 


Iw.-ci*1  <  eg'.  j-U+fo)  ,  (36) 

for  constants  c^Cg',  €o>0  >  oni  replace  (U)  by 

Wn'J  =  Vk?ivfc  'J=i'--n  •  (37) 


?UJ  /jfeu«J  -  ^  •  (22)  n’J  j' 

Using  Ltrma  1  and  eq.(20)  in  (21)  yields  a  scries  Suppose  also  for  all  x^g  Xg  , 
on  the  right  hand  side  of  the  inequality  equivalent  to  n 

us).)  *  „l-£,(1/n)£  * 


Next,  consider  the  asymptotic  behavior  of  4^  (xg) 
for  three  other  fuzzy  set  systems .  n 


Theorem  3- 

Suppose  the  same  conditions  hold  as  in  Theorem  2. 

Then 

t i)  For  the  non-De  Morgan  fuzzy  set  system  given  by 

(23) 

and  n  n , 

lim  <t>k  (X2)  =  t  r  (x_)  ,  (2U) 

n-»«i  an  « 

uniformly  in  x^Xg.  In  tcrn»  this  implies  for  large  n 


■  lim  (l/n)£  aj(J<2)  -  a0( X2 )  exists. (38) 

Then  for  all  e  Xg  , 

^  ^A03(X2)  “  ao(x2)  »  (39) 

with  convergence  rate  given  by,  for  n  >  cgU  l+(l/e0)/c| 
2  n 

1  ^7  (xoJ-U/n)  .  £a  (x_)  |  (10) 

y  An  J=|  J 

£  (l/nj-cg’  (l+(l/n)*P(l+  ^^/(^'-(ca'/n)  P(l+  f0)), 
(23)  where  d  eo  /.  -  x 

pd+o  =  Ej'(1  fo,u<0  •  (ID 


Bquation(lO)  remains  valid  and  thus  all  conditions 
for  Theorems  2  and  3  hold. 

(ii)  Equation  (38)  holds  iff  there  exists  real  b1(x2). 


(h  (y  )  a^d/cf)  v  (xg)  .  (25)  bg( xg), . ...  such  that  Vb.(xg)  converges  and  for  all  J 

’iBn  I  xp)  -5  Al°  *  I=i 

u  \  .  r  \\ 


(ii)  For  the  fuzzy  set  system  (!-(-•) ,nin.oax) 


uzzy  set  systen  > 

<pa  (**)  ■  WV'Vr 


aJ^)“aJ-l(x2)  =  J*(b.(x2)-bj_1(xg)),  (<«2) 

in  which  case  for  all  Xg  <r  Xg, 

a0(*2>  "E  b,(^)  (u3) 

and  J  =1  ^ 


lim  <t>A  (xg)  =«  o  .  Yet  ,  and  J  =1 

^(B  1x2)(yj)  =  Bin^  <\j(x2)'Va,P  *  (2T*  bn(x2>  “JC  ^  "  ^-l^))^ J+1)  >  (Ul1) 

(  in 3  For  the  system  (l-(  •) ,  minbndsum,maxbndsum) ,  for  all  n=l,2y. .  . 

(  <P*  (xj  =  nin(l,  f  ma^aXx,)^  ,-1,0))  .  (28)  (Proofs:  Eq-W  implies  (i).  For  (ii),  use  the  results 

A n  ^2  *  2^  ^  c.  on  cesaro  convergence  of  order  one,  modified  by  all 

series  as  given  replaced  by  telescopic  ones  ,  as  found 


n  i(2rf)  5TlS  in,00!  1  a,(xp)  i  l-Bji^o1'*1^)  in  Hardy  ClOJ  ,  Theorems  1*3,66,  ani  77.) 

II  '  .  /  ,  J  ^  **  ’ 

or  U  'Jn.j  -  /n  h.  ASYMPTOTIC  BEHAVIOR  OF  FRAKK’S  FAMILY,  YAGER’S 

card{  JllSJSn  ,  lla^)!  1-l/nf^-n1'^  (30)  FAKILY,  AHP  A  GENERALIZATION 

for  sooe  constants  li  V.  >  €,  +  €2  ,  1  >Y>  0  ;cj>0,  Consider  now  Frank's  Be  Morgan  fanlly  of  t-nc 

then  uniformly  in  Xg  ,  ,  .  =  loa  fi+rsX-l3(sy-l)/(s-l)) 


lim  4.  (xg)  =0 


Consider  now  Frank’s  De  Morgan  family  of  t -norms 
and  t-conorms  Ck3. 

V'&.,G(x,y)  =  logs(l+(sx-l)(sy-l)/(s-l))  (u5) 

^U,(-*,y)  =  i-^&U-x,i-y)  ,  (u6) 

for  all  x,y  e  C0,1J ,  and  extendable  in  the  obvious 
way  to  arbitrary  arguments  for  all  c,  0  ■c  s  <-+^a  .  The 


for  con 


/TT\  Tf  v  ■  ./ n  and  for  ail  x,Y  €  cxtenaaoie  in  cnc  umuu5 

'  n,J  vay  to  arbitrary  arguments  for  all  c,  0  <■  s  ^+=0  .  The 

K  =  card!  J|  1<  j£  n,  a.(x,)  =1)2  Cg-n  ,  (32)  cases  s=0,l,+co  are  all  limiting  special  cases  with 
:onstoflt  eg,  l>cg>0  ,  then  3  (  V  ~  (^j13^)  '  | 

/  .  /  \  l  mm  m,,  \  a  ( nrrtfi -Tirebsiim)  .  /  (47) 


lim<f>A  (x,)  ^  c 

n-»oo  "q  c  ? 


(  yu>i>  Vor,l^  "  (prod,probsuw)  ,  V  (47) 


(Proof:  Use  the  relations,  fixat  for  w  j  general  (  J  =  (minbdsm,maj*dso))- 

0  -  (xg)  oin(l,Dn-PnJ  ,  (3*)  ■  Jt  can  ^  shoun  that  tl, is  family  of  operators,  end 

an<)  ,,  ,, ,  .  %  ,n  /  x  ,  4 3  s'jre  generally,  all  ordinal  sums  (•*)  of  this  family 

min(l,(l/n)  *n)  6  4>ft  (Xg)  _  mln(l,(l/n)  (  n)  ,  U5)  characterize  the( associative)  t-norn  solu.'ions  of  tnd 

for  vn,J=^'n  •>  n  ■  functional  equation  ,  true  for  all  x,y«C0,13 

,  0  y  (x,y)  -  l-'rV(l-x,l-y)  =  x+y-^x.y)  .  (  i*6) 

Remark  2.  or  “ 

Evaluation  cf  <p{.  ,(y.)  in  (lii)  poses  certain  (Again,  sceCh)  for  a  number  of  properties  of  this  family.! 

complications  and  will  n  *2  be  omitted  here.  The  next  theorem  obtains  asymptotic  properties  for 

Analogous  to  the  computations  ox  averaged  random  (indicating  the  presence  of  parameter  s),  where 

and  posterior  probability  functions  ,  nontrivial  aver-  An  .  2  a«(xo)  ,  x,  uhJ ,  x  \ 

aged  fuzzy  data  and  posterior  possibility  functions  may  /  (s~*-)~(s  J  .  S  \ 

be  obtained,  even  when  <£>A  (xg)  approaches  0,  due  V,  vAn  s  ^  s\  .*_■  (  s-l)(s-l+(  s°J^  x2-l)(  sUnJ-Ja 

the  normalization  form  in  n  eq.(2).  ■  \  isi  0  \  (*»9f 

It  is  of  some  interest  to  determine  if  relatively  ,  . 

simple  sufficient  conditions  exist  for  v  and  aj(xg)  0<st+«  arbitrary  fixed,  s^l,x^cXg, 

which  insure  co.(9)  holds.  This  is  next  shown.  1/c‘i  u  4 

^  ‘  ,  o(^)  D(svnj-l)s/ 

nTteVOt»»d.u»t«»-uiJrtA"  ”  (50) 


31^ 


(ii) 


E«n,J,s(*2>  *  (51) 

rn?s  -(s/(s-l)  )(l-s"®n)  ,  (52) 

•IjjS  "  "(^/rn,s)(l0s(l“rn,s)+I'n,s)  •  (53) 

Theorem  j.  Central  Limit  Type  Theorem  for  Frank's 
”  Family, 

Suppose  that  assumptions  (a),(b),(c)  hold  and  that 
eq.(10)  holds.  Then 
(1) 

0  ”  anrJls(x2)-rn,s<1  W) 

f n> s(  *>)  £  -log(  ( s1' **„, s^> -l)/(  s-l))  £ f ns( Xg)(  1+J„^) 

and  equivalently, 

l-logs(l+(s-l)e'fns(^))5  <f>A  (x2) 

6  1-log  (l+{s-l)e‘fns6<2)(  wns^  (5^) 

lie  r  =  0  , 

n-»-o  °>s 

lim  Jn  s  =  lin  (rn  „/( 1-r  ,))  «  0  (56) 

n-t-o  °>s  n-*«*  n>s  n,s" 

lim  (-loS(s1-^Ans(x2)-l)/(s-l))) 

"  nife  (-  £  losd- an?j,6(*2))) 

=  CW  “  fco,.^)  •  1ST) 

(ill)  Thus  f^  B(x^)  exists  iff 

lim  4>,  (xg)  =>  1-log  (l+(E-l)e"f«»,6(^))  (58) 
n-**o  An,s  A  5 

exists  ,  uniformly  in  Xg  € Xg,  with  convergence  rate 
given  by  eqs.(55)  and  (56).  In  turn,  for  all  large  n, 

•(l+(s.l).'^o»s(x2))/(8-l)(l-«_f'«»»s(X2)))),(59) 

« 

The  next  result  presents  simpler  convergence  con¬ 
ditions,  equivalent  to,  or  sufficient  for,  f ^  to 

exist,  which  yields  eq.(58). 

Theorem  6. 

Hake  the  same  assumptions  os  in  Theorem  5-  Then 

(s/mnxts^ljjg  gtxg)  £  f_  .  (xg)  £  (o/minCs^lJJg  5(x2) 

n,s  -Z  n,b  °  (60) 

Sn,s(x2)=  (i/(.-l)2)£  (s°j(*2>  -l)(sV)-l)  .  (61) 

>1 


Iff 


n  -*«c 

(11)  If  j 

lim£  n.(swnj-l)/(s-l))  s  ug  exists  ,  (6t) 

uniformly  in  J,  J=l,  ,,n,  and  if 
n 


(65) 


llc((l/n)  t  (sBj(*2)-l)/(s-i))  ifl  (x^)  exists 
n-t«o  i=J  °  ( 

then  g^,^)  and  hence  f^  s(xg)  exist  with 

«-io,s(*2)  "s  •  (66) 

(Hi)  If  unj  =1  and  hence  «nj  »  l/n  ,  J=l,  ,.,n,  then 

us  “  (l^ls“l))los  s  exists,  (67) 


and  if  «G(xg)  also  exists,  then  so  does 

eco,o(x2)  =^(^).(l/(E'D)log  s  (68) 
and.  7  0 

f<o,s^x2)  =  ^,S(a2^ *( s/(s-l) )l°S  s  ,  (69) 

implying  the  existence  of  ' 

lim  cj>.  ( xp )  =  1-log  (l+(s-l).s-(e/(s-l^s(x2)\ 
n-oo  n,s  s  (7q) 

(Proof  for  Theorem  5  :  aQ  j  s(x^)  can  be  written 

as  bL*f(t)  ,  f(t)=t/(bg+t)  ,  b^«s/(s-l) ,bg—  s-l  ,  t^ 

(saj(x2^-l)»(-suuj-l)  i  0.  It  fellows  (  for  both  0<c<  1 
and  Its  )  that  0£b  f(t)‘l  with  b.f(t)  increasing  in 
t,  with  maximal  possible  value  at  t^s-lXs^-l) .  This 
yields  eq.tS1*),  and  in  turn, 

-logCs1-^Ans(x2)-l)/(s-l))  =  -  £log(l-anJs(xg)) 

"EE  (anJs(i)Jk/k  >  (71) 

k=l J=l 

by  a  rearrangement  of  the  uniformly  absolutely  conver¬ 
gent  double  series.  How 

0£fns(xg>-  £  £  («njs(:c2))kA  <fns(^)(l+Bn6(x2)) 
W=i  J=t  (12) 

where  +<o  v  ' 

Bns(x2)  -EdA)  Cnjsk^)  >  (73) 

n  k=o. 

Cnjsk(:x2)  “  E^c<njc(x2)/fns(;t2)  6  rQEk  1  ’  ( 71*) 

by  using  eq.(5fc)  and  lemma  1.  Using  (73)  and  (Jh)  in 
(72)  yields  an  upper  bound  ou  the  right  hand  side  in  a 
series  form- leading  to  eq.(55). 

Proof  far  Theorem  6:  For  (ii)  use 

1«0s(x2)-  ^(^'^sl  6  Ic-li^  max  n|n(svnJ-l)/(s-l)-o6| 
+|0/«)(  £(saj(^)-l")/(;-l))— ^(xg)|.)  (75) 

}=l  B 

Theorem  7  presents  the  limiting  forms  for  Theorem 

6. 

Theorem  7. 

(i)  5=1  .  All  limiting  results  as  s  approaches  1,  ore 
compatible  with  Theorem  2  . 

si1?  °<njs(*2>  "  anj(*2^ 
si1?  fns(*2)  =0i^  c 

Ha  ’Pfi  (x?)  =  <P.  (xg) 

g-t[  Ans  .*=  .  «n  ^ 

slin  (-loS((sl_‘J,VX2j-l)/(s-l)))-  -log(l-<PA_(x2)) 


f*>,S(x2)B  s-e«o,s(=<2)  exi«6  (&) 


H^(6n,S(x2))-  e«,,s(r2)  cxiGtG  •  (fi3> 

d 


ll?  rns  =  D_ 
s->  l  n 

si1?  Jns  =  Jn 

siim  u( swdJ-l)/ ( s-l ) )  =  h 

jit?  (!/n)  - 1)/( ;-n)  =  (l/„)  £  2; (xi)j 

and  cq6.(55),(5o),  and  (59)  bwcoau, respectively f 
U5’;,(19),  and  (19). 

(ii)  s=0  .  Except  for 

lim  g  (x  )  =  n  , 
s  -»o  nG  2  ' 

all  of  the  remaining  important  fos-ms  as  licted  in  (l) 
become  0. 

(iii)  3-tcO  . 


lim  «<ajs(xg)  3  °>  'tr,°j(x2)'fwnj  <l  »  ^ 

aj(xg)  =0  or  If  -0j=0  , 


(7£ 
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if  OC  OjUg/^nj  and 
Qj(22)+1,nj  =  1  > 

(77) 

if  Oda^xg),^  and 
aj(-'C2)+'JnJ  >  1  * 

(78) 

These  relations  can  be  UGed  to  compute  lin  f  ( x~)  and 

S_t"°n3 

"  °  ’  U  aJ(x2)~nJ=l  I  (79) 

5^50  aJv'  =  1  »  “  <j-' 

s-yinjC -l°s( s1" ^Aas^ }  -l)/(s-l))  =  +  */  ,  (8o) 

lia  r  =  1  ,  <3l) 

S“++<o  ns 

lia  J_.  =  +*o  ,  (82) 

S->40  3S 

lia  lia  <p.  (xg)  =  lia  (?  (x^l/log  s)  -  (83) 

''ns  41  s— v4co  *  2 

■ 

The  next  result  is  connected  vith  yager's  fanily 
of  t-norms  and  t-conoros.  In  review,  yager  CUT  has 
proposed  the  Minkowski-like  foros 

V&fP<*»y)4  =ax(l-((l-x)P+(l-y)P)l/p,0)  (8b) 

Yoi.7?vx,y)=  i-  ■«4  p(i-x,i-y)=n^((^yp)1/p,i)  ,  (85) 

for  all  x,yf  C0,11;1^  p -s+»o  .  In  addition  , 

at  p=l,  (  ,  1^or  p)=(ninbndsun,=axbndsun)  , 

Ctp=+ou,  (  ^p,yor  ?)=  (oin,=ax)  j  (86) 

(prod,probsun)  is  not  in  the  faoily.  (See  CM,  Remark 
6.2  for  other  properties.) 

Theorem  8. 

Make  the  seme  general  assumptions  as  in  Theorem  5* 

Then 

(i)  For  the  (De  Morgan)  systea  (l-( •),  Y&,p,  ¥or,p)  t 

(pA  (x2)=ain(l,(T;  aax  p(l-((L-aJ(xg))P+d-«Bj)P)1/p, 
J*1  -s 

..  .  0))Vp  ).  (87) 

(I)  If  a^XgJil-tpDsJi/P  ,then  q> 

(II)  4>a  (x2)  6h_^/?.Dn  £nVp  Dn  ,  (88) 


Anp  =P  n  -  “  ' 

where 

card{  J  1 1  i  J  In  i  a/^)  >  l-(?Da)l/p}.  (8?) 

Thus,  if  cither  p>  l/(  1-^-6*)  or 

where  1 1  dQ  >  6g  ,  then 

11=  (xg)  “  0  .  (50) 

a.-*co  np 

(11)  For  the  non-De  Morgan  systea  (l-(  •), V^p,  p) 

<p.  (xg)  =  ain(l,(SK,(xc))p)l/?)  ,  (?1) 
nnp  isj 

an  easier  fora  to  work  with  than  in  eq.(87). 

Suppose  now  w  =1  and 

lin  (l/n)  £{a,(xg))P  »  Mxg)  (32) 

exists .  Then  for  larse  n  , 

(xg)-n-U-l/P)pp(x2)  ,  (93) 

and  np  , 

^(^p  j  xg;(yj)^ttjCx2)/<'p^2»n‘l/p-  <*•> 
( Proof  ;  Use  the  inequality 

Mpi^p^i-d-d-^)51)1^  , 
vnerc  p  >1,  l/p  >  S  >  0  ,  for  ( 1) .  J  ■ 


Finally,  in.  Theorem  9  a  general  class  of  operators 
is  considered  for  asyaptotic  behavior. 

Theorea  9  •  Central  Limit  Type  Theorea  for  a  Class  of 
Analytic  Operator  Pairs. 

Again,  sake  the  some  general  assumptions  as  In 
Theorem  5.  Suppose  also  that  (l-(  •),  VV,  V^,-)  is  a 
De  Morgan  systea  where  ^  has  a  generator  h:  JP,U-+K),t<9 
which  is  strictly  decreasing  with  h(0)=+«a  ,h(l)=0. 

(See  LbJ  or  (53  for  further  details  on  generators.) 

Then  n 

(1)  =  1_h ^1_1^(unj,aj(x2)))) 

*  l-h-l(  2h(l-wnJ)) 

*  l-h-^n.hd-Dj).  (95) 

Thus,  if 

lin  (n.h(l-D  ))  =  0  ,  (96) 

then  “-***  n 

11=  (xg)  =  0  .  (97) 

3-4VJ0  a  c 

(ii)  Suppose  also  that  for  any  fixed  c  e  (0,1).  , 
VVdjc)  is  analytic  in  z  about  some  neighborhood  of  0 
ana  that  h  is  analytic  within  socs  fixed  neighborhood 
of  -  and  below-  1.  Suppose,  further,  that  in  eq.(10)  , 
0«j_  +  C2  f  £  and  that 

|Ma0(  2^ /^(xgJ-Wjjj)  »»(x^)  exists,  (98) 

where  for  J=l,2,..., 

^j(xg)  =(  aV,&(2iaj(^))/c)=  )2c0  *  (99) 

Finally,  define  . 

x0=-(dh(z)/dt)2=1  >  0  .  (100) 

Then,  uniformly  in  all  Xgg  Xr,  , 

4&>  S  nlfe  V»<*»  <101> 

exists,  and  for  large  n 

^>(3n|xg)(yj)  “  h(-n j)+h( aj( Xg) -h(  <PAJ Xg)  ) )  -  ^ 

(Proof:  (i)  follows  from  the  monotone  property  of  h. 

For  (li):  Expand  out  In  a  power  series  the  function 
h(l- c))ia  x,  yielding  for  ell  sufficiently  small 
z,  for  c=aj(xg)  at  t=wnj  : 

*d-^(‘>c»  -  ^o'  ^j(x2^'z  +  ^(z2)  »  (lc^) 

0(z2)  indicating  the  remaining  series  has  powers  of 
z  to  at  least  2  .  Substitute  (103)  into  the  first  part 
of  eq.(95)  ,  noting  that 

t  0(vnJ2)  6  n-0(Dn2)  =  0(n-M  « 1"  e2)))J  (10b) 
J=I  I 

Remark  3- 

For  Frank's  family,  the  monotone  generator  h  Is 
for  all  x  C  C0,1)  ,  0  <  s  <  +*>  fixed  , 

for  s  t  1,  h  (x,‘  -  -log((s*-l)/(s-l)) 

6 


for  s  =  i,  hjd)  =  -log  x  , 


and  1 
(03 )  abou 


and  hs  is  analytic  about  1  and  „(z,c)  is  analytic 
about  0.  Also,  ’■* 

/5, .(xg)  =  e-hsdjte))  =  (sa.l(*2>-l)/(s-i)  ;s^l 

J  u  r  ,  s\  d°6) 

=  c"hs(aj(x2))  o  aj(xg)  ;  s=l  . 

In  addition. 


Pcrgcmon  Press,  1932  . 


>o,s  =  s‘i0i  SA='1);S  * 1 


Thus  the  condition  in  cq.(9S)  becomes 
h 


2((saJ(x2)-i)/(s-i))wnJ  4  »s(xa) 


“-*<>6  i?J  “  (108) 

exists.  (This  corresponds'  to  (57), (6*0,  and  (38)  (the 
latter  for  s=l).)  Lastly,  eq.(lOl)  becomes 

lin  ($>.  (Xo)  =  I-I05  (i+(g-1)s"^s/(s-1^)‘^s(x2)), 
a— >  jo  ^s  5 

for  s  f  1  ,  and  (109) 

llm  (xp)  =  l-e~^l  (x2)  ;  s  =  1  . 

n-»'0Mn,s 

Xneq.(109),  fix(x^)  ^^aJ5^)  and  £s(*2)  Plays  the 
role  of  U  5(x^)  In  eq.(70)  .  (See  also  eq.(58).) 


5.  SUGARY  AI(P  CONCLUSIONS  7. 

Conditional  fuzzy  sets  end  a  form  of  Bayes1  theorem 
were  first  developed  (Theorem  1  and  Remark  1)  in  a  gen-  8. 
eral  t-nora,  t-conora  setting.  This  led  in  a  natural 
way  to  the  concept  of  a  fuzzy  set  saapling  experiment, 
requiring  computations  for  averaged  fuzzy  data  sets  and 
posterior  parameter  sets,  through  the  respective  member- 
ship  functions.  The  asymptotic  behavior,  as  sample  sizes 
increase,  for  these  two  critical  types  of  fuzzy  6et3  9. 

vas  the  focus  of  the  remaining  part  of  this  paper.  A 
number  of  specific  systems  were  first  investigated.  Non¬ 
trivial  results  were  obtained  for  the  systea  10. 

(l-(-),  prod,probsua)  (Theorea  2)  and  the  non  De  Morgan 
systea  (i-( •) ,prod,maxbndsua)  (Theorea  3(i)).  Hovever, 
other  fuzzy  eer  systems  were  shown  either  to  lead  to  11. 

trivial  results,  such  as  (l-( -),: ain,max)  (see  Theorea  3 
(«i))  ,  or  to  somewhat  complicated  forms  of  dubious  use 
(see  Theorea  3(iii)  and  Theorea  8(1))-.  A  modification 
of  Yager's  family  say  prove  useful  (Theorea  8(ii)). 

More  generally,  it  was  shewn  (Theorems  5,6,7)  that 
Frank's  large  De  Morgan  family  of  t- norms  and  t-conoms, 
including  the  special  case  (l-( •), prod, prob sun),  admits 
contrlvlal  asymptotic  results.  Still  acre  generally,  it 
was  shown  that  for  fuzzy  set  systeas  based  on  De  Morgen 
t -norms  and  t-conoras  which  have  strictly  increasing 
generators  and  which  satisfy  an  ocalyticity  condition, 
feasible  asymptotic  forms  for  the  two  critical  functions 
ere  obtainable  (Theorea  9) - 

Future  work  will  deal  with  further  development  of 
a  fuzzy  set  sampling  experiment.  la  addition,  the 
following  important  problems  will  be  considered:  random 
set  Interpretations  of  the  basic  results  obtained  he -e 
(via  the  bomomorphisms  developed  ,e.g.,  in  t1*]  );  appli¬ 
cations  of  these  results  to  general  problems  of  parameter  ' 
estimation  when  some  of  the  information  is  in  vague  or 
linguistic  form;  closer  tie-ins  with  the  Laws  of  Large 
Numbers;  and  determination  of  which  fuzzy  set  systea  is 
most  appropriate  for  3  given  estimation  problem. 
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